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Degrees of freedom that carry black hole entropy and hair can be described
in the language of Goldstone phenomenon. They represent the pseudo-
Goldstone bosons of certain supertranslations, called A-transformations, that
are spontaneously broken by the black hole metric. This breaking gives rise to
a tower of Goldstone bosons created by the spontaneously-broken generators
that can be labeled by spherical harmonics. Classically, the number of charges
is infinite, they have vanishing VEVs and the corresponding Goldstone modes
are gapless. The resulting hair and entropy are infinite, but unresolvable. In
quantum theory the two things happen. The number of legitimate Goldstone
modes restricted by requirement of weak-coupling, becomes finite and scales
as black hole area in Planck units. The Goldstones generate a tiny gap, con-
trolled by their gravitational coupling. The gap turns out to be equal to
the inverse of black hole half-life, tBH . Correspondingly, in quantum theory
the charges are neither conserved nor vanish, but non-conservation time is
set by tBH . This picture nicely matches with the idea of a black hole as
of critical system composed of many soft gravitons. The A-Goldstones of
geometric picture represent the near-gapless Bogoliubov-Goldstone modes of
critical soft-graviton system.
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The key target of this note lies in understanding the black hole entropy in
terms of Goldstone-type phenomenon in which the black hole hair and en-
tropy are encoded in Goldstone modes of symmetries that are spontaneously-
broken by the black hole geometry. This spontaneous breaking gives rise to a
set of gapless Goldstone modes which have the right properties for being the
promising candidates for carrying the black hole hair and entropy.
The Goldstone effect is an universal phenomenon of nature that gives rise
to gapless excitations, the Nambu-Goldstone modes. The necessary condi-
tion for their appearance is that the transformation that acts on the vacuum
non-trivially is physical, i.e., is not a gauge redundancy.
Thus, for explaining phenomena that demand existence of gapless modes,
it is natural to look for their origin in an underlying Goldstone mechanism.
This idea was applied to black holes in [1]. Indeed, a black hole of Schwarz-
schild radius rS carries Bekenstein-Hawking entropy,
S =
r2S
L2P
, (1)
where LP =
√
~GN is the Planck length and GN is Newton’s constant (Here
and below we ignore numerical factors whenever they are not necessary).
Obviously, the explanation of this entropy demands the existence of large
number of nearly-gapless degrees of freedom.
In [1] these were identified with Goldstone-type modes of black hole ground-
state. In this picture the black hole is described as N -graviton system [2] at
the quantum critical point at which the graviton number and quantum grav-
itational coupling α satisfy the condition αN = 1. The Goldstone modes
that carry black hole entropy are the collective Bogoliubov modes of critical
multi-graviton system [1]. The mapping between the Goldstone and Bogoli-
ubov modes is very transparent in many-body description [3]. It was shown
that Bogoliubov modes of a critical system are the Goldstone modes of spon-
taneously broken symmetry of the system.
In quantum theory these modes are not exactly gapless and there exists a
finite gap of order  = ~rSN . In this description N emerges to be equal to black
hole entropy, S, because, due to criticality, it is equal to the inverse coupling,
α−1 = r
2
S
L2P
, of gravitons of wavelength rS . Thus, the information about the
black hole entropy is encoded into the quantum gravitational coupling of
gravitons that form it. Because of quantum criticality, the same quantity
also describes the number of constituent gravitons needed to form a black
hole [1, 2, 4]. Hence, in what follows, we shall not make any distinction
between the quantities N and S.
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Existence of the finite 1N -gap in Goldstone modes means that the sponta-
neously-broken transformation is not an exact symmetry of the quantum
theory. Again, this fact is very transparent in many-body language and is
because of 1N -corrections - due to quantum fluctuations - that move system
away from the critical point.
The question that was addressed in [5, 6] is: what is the classical geometric
limit of spontaneously broken symmetries that account for black hole entropy
and hair? Notice, since in the classical limit we have N →∞, it is expected
that in this limit Goldstone modes must become exactly gapless.
In this short note we summarize the basic points in [5, 6] as they have
been presented in several conferences by the authors during last few months.
Related ideas appeared in [7, 8] (see also [9]).
The central point of [6] can be summarized as follows: for black hole space
time the asymptotic BMS-like symmetries are enhanced - as compared to
Minkowskian space-times - by an infinite set of spontaneously broken trans-
formations, denoted by A. The Goldstone modes of these transformations
are responsible for black hole entropy and hair and exist do to criticality of
black hole quantum state. In quantum theory their number is finite and they
are no longer exactly gapless.
Following [6], we shall identify the proper geometric classical limit (~→ 0)
of symmetries that are spontaneously broken by black hole geometry. Then
- using simple physical argument - we shall provide evidence that:
1) Classically, there are infinite number of gapless Goldstones that can be
labeled by spherical harmonics, lm. The corresponding charges, Qlm, vanish.
2) For finite ~ (i.e., finite N), the number of legitimate Goldstone modes
scales as N , in accordance with Bekenstein-Hawking entropy.
3) For finite ~ the charges Qlm acquire expectation values and are no
longer conserved. Both of these effects are suppressed by 1N . Correspond-
ing non-conservation time is therefore given by the black hole half life-time,
tBH = NrS.
In [6], first we have derived the specific form of the supertranslations that
leave certain boundary and coordinate transitions on the horizon invariant.
In the well-know Schwarzschild metric in Eddington-Finkelstein coordinates,1
ds2 = −(1− rS
r
)dv2 + 2dvdr + r2γzz¯dzdz¯ , (2)
1Here γzz¯ = 2(1+zz¯)2 is the round metric and the complex coordinates are defined as z = cot
(
1
2
ϑ
)
eiϕ
and the metric of S2 in angular coordinates reads ds2 = 2r2γzz¯dzdz¯ = dϑ2 + sin2 ϑdϕ2.
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they act on the coordinates (v, r, z, z¯) in the following way:
BMSH : v → v − f(z, z¯) ,
z → z + rS − r
rrS
γzz¯∂z¯f(z, z¯) ,
z¯ → z¯ + rS − r
rrS
γzz¯∂zf(z, z¯) ,
r → r . (3)
Second, we have identified a candidate transformation that can be a source
for Goldstone modes that carry black hole hair and which was referred to as
A-transformation [6]. The A-transformations change the metric (2) in the
following way:
A : δχf gµν =

0 0 0 0
0 0 0 0
0 0 −2r2 1rS
∂2f
∂ϑ2
−2r2 1rS (
∂2f
∂ϑ∂ϕ − cotϑ ∂f∂ϕ)
0 0 ∗ −2r2 1rS (
∂2f
∂ϕ2
+ sinϑ cosϑ∂f∂ϑ).
 (4)
These transformations are of BMS-type (see [10] for a review on asymptotic
symmetries). In the limit of large black holes we can think of them by formally
substracting from BMSH the action of the standard BMS on the null infinity.
One can in addition show that the metric gfµν = gµν + δχf gµν is Ricci-flat in
the angular directions:
Rϑϕ(g
f
µν) = Rϑϑ(g
f
µν) = Rϕϕ(g
f
µν) = 0 . (5)
Expanding the Schwarzschild metric as
ds2 = −(1− rS
r
)dv2 + 2dvdr + r2γzz¯dzdz¯
+ rSC
A
zzdz
2 + rSC¯
A
z¯z¯dz¯
2 + . . . . , (6)
one can equivalently express the A-transformations eq.(4) as transformations
on the gauge connections CAzz as:
A : CAzz → CAzz − 2D2zf . (7)
The functions 2D2zf now correspond to the infinite family of metric variations
in eq.(4).
The crucial point for the further discussion is that these transformations are
defined by arbitrary functions of angular variables f(ϑ, ϕ). This means that
classically there exist infinite number of generators that are spontaneously
broken by the black hole geometry. These generators Qlm can be labelled by
the spherical harmonics, l m.
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Correspondingly to these charges, there exist infinite number of indepen-
dent Goldstone modes that can be created by the action on a black hole vac-
uum by these generators. In this labeling the given Goldstone mode blm is cre-
ated by a charge Qlm that represents a generator of the A-transformation (4)
for a given spherical harmonic flm of the function f(ϑ, ϕ) =
∑
l,m fml Ylm(ϑ, ϕ).
In quantum language, describing an unperturbed classical metric (2) by a
black hole vacuum state |BH〉, we can write
Qlm|BH〉 = |BH〉lm . (8)
Since the classical A-transformations preserve the ADM mass, it is clear
that the corresponding Goldstone modes are all gapless, i.e., they have zero
frequencies ωlm = 0. Notice, this does not mean that their wavelengths
are infinite, since these modes do not satisfy the dispersion relations of free
propagating waves on a flat space-time. In fact, the near horizon expansion
of the metric in eq.(6) indicates that the radial wave-lengths of the relevant
A-modes are of the order of the horizon, i.e. λA ∼ rS . Due to zero gap of
Goldstones modes, the expectation values of charges over classical black hole
vacua vanish.2
Thus, from above it is clear that in classical theory (N = ∞, ~ = 0) the
black hole carries infinite hair and entropy, but the resolution time is also
infinite. What happens in the quantum theory?
We wish to show that in quantum theory the number of “legitimate"Gold-
stone modes is finite and scales as N . The criterion of legitimacy is very
simple: in quantum theory we shall only keep the modes which are weakly-
coupled. We thus have to estimate the number of such modes.
The number of independent charges and of corresponding Goldstone modes
below a given level l scales as Ngold ∼ l2. In classical theory their number
is infinite, since l can take an arbitrarily-large value without any restriction.
However, in quantum theory only the modes up to certain lmax can be in-
cluded.
We need a quantum criterion for determining lmax. As said above, the
criterion is that we can only include the set of Goldstone modes that are
weakly-coupled. The quantum gravitational coupling of generic modes of
angular number ∼ l and a radial wavelength λr goes as α = l
2L2P
λ2r
. We thus
determine lmax by imposing the condition of weak coupling, αmax = 1.
2The fact that charges vanish in the classical vacuum can be directly seen from their classical expression.
Q =
∫ (
gµν∂vδχf gµν
)
=
∫
∂v(D
2
zf) +h.c., where the integration contour also contains the horizon of
the black hole.
Alternatively, the classical charges can be obtained as ωlm = 0 limit of the quantum expression
Qlm = −i
√
ωlm~
(
bˆlme
−ivωlm + bˆ†lme
ivωlm
)
, where bˆ†ml, bˆml are creation and annihilation operators
of different spherical modes. The classical vacua can be constructed as coherent states obtained by
the action of displacement operator at the unperturbed black hole vacuum, eilmQlm |BH〉 = |coh〉lm .
It is clear that the classical values of Qlm vanish.
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Since we are interested in near-horizon physics, from the form ofA-transfor-
mations it is clear that we should take the radial wavelength of the Goldstone
modes to be λr ∼ rS . This determines the maximal harmonic number as
lmax =
rs
LP
, and thus, the resulting number of legitimate Goldstone modes
scales as,
Ngold ∼ l2max ∼ N . (9)
Thus, from a simple physical argument - counting only the number of weakly-
coupled modes - we obtained the number of Goldstone species that matches
the Bekenstein-Hawking entropy.
As pointed out in [6] in quantum theory these Goldstones are expected
to develop a finite energy gap. For weakly-coupled Goldstones this gap was
estimated to be
 ∼ 1
N
~
rs
. (10)
Notice that the gap is inverse of black hole half life-time tBH ∼ ~−1. The
estimate relied on microscopic information from quantum criticality, which
suggests that for a given mode with gravitational self-coupling α, the gap
must scales as  ∼ α2N . However, the inevitability of the energy gap can al-
ready be guessed from the classical theory. Namely, from the fact that the
A-transformation (4) - although it preserves the ADM mass of Schwarzschild
geometry - does not necessarily preserve the masses of other classical con-
figurations that can be obtained by arbitrary deformations of Schwarzschild
geometry. At the classical level, such deformed geometries cannot generate
the gap for Goldstone waves obtained by A-transforming the Schwarzschild
background. However, for ~ 6= 0, the virtual processes to which such classical
deformations contribute will in general lift the degeneracy of A-Goldstone
vacua and create an energy gap. Putting it simply, the A-transformations -
despite preserving the black hole mass - are not symmetries of the full action.
Due to this, the degeneracy of vacua must be lifted by quantum effects and
the Goldstone modes must acquire the finite energy gaps.
Since by usual Goldstone relation the energy gap in the Goldstone mode
controls the non-conservation of the corresponding charge, we can estimate
that the charges Qlm are not conserved on the time scale of tBH = ~−1.
Correspondingly, they shall acquire non-zero VEVs,
〈BH|Qlm|BH〉 ∼ 1
N
, (11)
that shall evolve over the time-scale tBH .
The above expression must be taken with a great care. In fact, it is pointless
to look for more precise expression without being able to take into the account
the effect of black hole evaporation and other quantum phenomena. This is
because, the VEVs are tiny and evolve on the time-scale comparable with the
black hole life-time. During this time-scale half of the black hole has already
evaporated and the quantum mechanics has order-one effect.
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In other words, it is certainly true that the A-charges acquire expectation
values, but the time-scale to measure them is comparable with black hole life-
time and one has to take into the account the back reaction from evaporation.
All these facts consistently indicate that the time-scale for resolving the black
hole hair exceeds tBH .
Finally notice, that for Minkowski space the charges continue to vanish -
as well as to be conserved - also in the quantum theory. The simple reason
for this is that the wavelengths of Goldstone bosons for Minkowski space are
infinite λ =∞. These Goldstone bosons correspond to standard BSM trans-
formations. Correspondingly, we have lmax =∞ and there are infinite num-
ber of conserved charges with gapless Goldstones. Quantum-mechanically
Minkowski vacua represent the coherent states of infinite wavelength gravi-
tons with infinite occupation numbers [5]. Putting it differently, even in
quantum theory Minkowski carries an infinite hair and infinite entropy, but
its resolution requires an infinite time.
In summary, the charges associated with asymptotic symmetries as well as
those for the case of horizons are always quantum mechanically determined
by the relevant soft Goldstone modes. In the case of null infinity these can
be thought of as standard radiative soft modes, but of infinite wavelength.
In the case of black holes we have identified them with Goldstone modes of
A-transformations, of finite wave-length. In both cases classically there are
infinite number of charges, labeled by lm, with vanishing VEVs and with
associated gapless Goldstones. For Minkowski, this continues to be true also
in quantum theory, due to the infinite wavelength of Goldstones. But, for a
finite size black hole the story is different, and the number of charges as well
as the gap become finite and is controlled by N . The resulting time-evolution
scale for charges is tBH , which shows why the resolution time for black hole
hair cannot be shorter than the black hole half-life time.
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